The frequency diverse array (FDA) has drawn substantial attention because it provides a new degree of freedom. However, the multitarget localization is fundamentally limited by the range-angle-coupled and range-periodic beampattern of the basic FDA. It has been suggested to design a special FDA configuration to localize targets, but seldom of the existing works consider the design both in transmitting and receiving. In this paper, a transmit-receive system of FDA radar is proposed for the multitarget localization. In order to decouple the beampattern in the range and angle domains, the configurations of subarray-based FDA (SB-FDA) and full-band FDA (FB-FDA) are chosen as transmitter and receiver, respectively. In such a system framework, the receive beamwidth in range domain is only a quarter of the transmission. Then, two typical multitarget scenarios, sparse targets and unresolved targets, are both considered in the multitarget localization. For sparse targets, a proper frequency increment is selected to control the range-periodic transmit and receive mainlobes to focus on a single target, besides being staggered with others. In this way, multitarget localization is achieved in different pulses with monopulse processing. For unresolved targets, a method of intra-pulse beam scanning is proposed to localize each target with little interference from others. We also analyze the system performance in Cramér-Rao lower bound (CRLB) of localization and output signal to interference-plus-noise ratio (SINR). Several simulation results demonstrate the effectiveness of the proposed transmit-receive system in multitarget localization.
Introduction
Frequency diverse array (FDA), initially designed and experimentally tested in [1] , has attracted much attention due to the angle-range-dependent beampattern in recent years. Unlike the conventional phased array, whose beam steering is fixed at one angle for all range, FDA can form a range-dependent beampattern with its additional degree of freedom. A tiny frequency increment is introduced among the elements, so that FDA has great potential in the joint estimation of target's range and angle [2, 3] . Even though several approaches [4] [5] [6] [7] are proposed for target range-angle localization, most of them fail in the case of multiple targets since the peaks of the basic FDA are range-angle-decoupled and range-periodic. Especially, when two or more targets are located in the same angle, range and Doppler resolution cell (i.e., unresolved targets), the estimated location will be far away from either true target due to the "merged" measurement [8] . How to achieve the multitarget localization on FDA radar is still an open issue.
To improve the multitarget localization performance, it is suggested to adopt a specially designed FDA configuration to decouple the beampattern in range and angle domains [9] . On this basis, The remaining sections are organized as follows. The transmit-receive system configuration of FDA radar is introduced in Section 2. Then, two multitarget localization methods are proposed in Section 3. We also analyze the system performance in Cramér-Rao lower bound (CRLB) of localization and output signal to interference-plus-noise ratio (SINR) in Section 4. Simulation results are provided in Section 5. Finally, conclusions are drawn in Section 6.
System Configuration
The transmit-receive system configuration of the FDA radar is shown in Figure 1 . SB-FDA and FB-FDA are used as the transmitter and receiver, respectively, to decouple the beampatterns in range and angle domains. The whole array is divided into two equal-length subarrays to transmit waveforms with a pair of opposite frequency increments. 
Transmit Beampattern
Considering a linear uniform array with 2N elements, two opposite frequency increments are ∆ f and −∆ f . The radiate frequency of the nth element is
where f 0 denotes the carrier frequency and ∆ f 1 = − ∆ f 2 = ∆ f . In far-field condition, the transmit steering vectors of two subarrays are expressed as [18] 
where
. r and u denote the range and the sine of angle. Subscript i denotes the index of subarray. c is the light speed and d is the element spacing. In the sequel, taking the array center as phase reference, the total steering vector is given as
denotes phase factor between subarrays and [·] * is the conjugate. Assuming the region of interest is at (r 0 , u 0 ), the transmit weight vector can be constructed as
where w i = a i (r 0 , u 0 ) and β i = α i (u 0 ). Therefore, the transmit beampattern focused at (r 0 , u 0 ) is expressed as
where [·] H is the Hermitain transpose. P T1 (r, u) and P T2 (r, u) can be written as
Since two subarrays with opposite frequency increments are equal-length, the S-shape beampatterns of subarrays are symmetrical. Note that the total transmit beampattern is the sum of two subarrays. Therefore, the range-periodic peaks only exist in the direction u 0 , namely, the transmit beampattern is range-angle-decoupled.
When u ≈ u 0 , the total transmit beampattern is approximated as
It is observed that the 3 dB-beamwidth of transmit in range domain is r T 3dB ≈ 0.886c N∆ f and the repetition period of peaks is ∆r T =c ∆ f .
Receive Beampattern
FB-FDA is used to receive here. The filtered signal transmitted by nth element and received by mth element is expressed as s n,m (r, u) = exp {jκ(mdu − 2r)} exp {jnΦ i (r, u)} n, m = 0, . . . , 2N − 1 (8) where κ = 2π f 0 c and Φ i (r, u) = 2π c ( f 0 du − 2∆ f i r). i = 1 when n < N and i = 2 when n ≥ N. Note that, compared with transmitting, the phase term of range is double when receiving.
Under the complex weighs w n,m =s n,m (r 0 , u 0 ), the receive beampattern is expressed as
Similar to transmit beampattern, the receive beampattern is also the sum of two subarrays. P R1 (r, u) and P R2 (r, u) can be written as
The receive beampattern of FB-FDA is decoupled in range and angle domains since it's the sum of 2N different S-shape beampatterns. Similar to transmit beampattern, the range-periodic peaks only exist in the direction u 0 .
When u ≈ u 0 , the receive beampattern is approximated as
It can be seen that the 3 dB-beamwidth of receive beampattern in range domain is r R 3dB ≈ 0.886c 4N∆ f and the repetition period of peaks is ∆r R =c 2∆ f . Therefore, we have (12) In summary, the transmit and receive beampatterns of system are both range-angle-decoupled. Besides, r R 3dB is only one quarter of r T 3dB . It is mainly because that the subarray-based transmit configuration results in a half of transmit aperture meanwhile the whole aperture is used to receive. In addition, the propagation range of waveform when receiving is double of that when transmitting. Such an FDA system with wide transmit beam and narrow receive beam helps to greatly improve the performance of multitarget localization.
Multitarget Localization for Sparse Targets and Unresolved Targets
The multifunction phased array radar usually steers the beam to focus on each target in different single pulse or coherent pulses to achieve multitarget tracking [25] . Therefore, for the multitarget localization of FDA radar, it is reasonable to steer the transmit and receive beam like the conventional phased array radar. However, the localization performance is still limited by the range-periodic peaks, and will get worse when multiple targets are unresolved. In this section, the localization methods for two typical multitarget scenarios including sparse targets and unresolved targets.
Siganl Model
According to the output of FB-FDA, the receive steering vector is expressed as
where [·] T denotes the transpose operator.
Assuming there are M targets, the snapshot model is given as
and A i denote the range, angle and complex amplitude of ith target respectively. n is the complex Guassian zero-mean additive white noise vector with identical variance. Set σ 2 is the variance of noise, the signal noise ratio (SNR) of ith is then defined as
Assume that the number of targets has been determined. The likelihood function is
The maximum likelihood estimation can be exchanged into an optimization problem [26] expressed as r 1 , . . . ,r M u 1 , . . . ,û M = arg min
whereÂ= S H S −1 S H x, which denotes the amplitude estimate. If only one target detected (M = 1),
The monopulse technique of FDA [20] can be used for fast target localization in this case. Let
where F r and F u are the partial derivatives, F rr and F uu are the second partial derivatives, and F ru is the mixed partial derivative. If more than one target is detected (M > 1), however, this problem turns to that of multidimensional nonlinear optimization. Even though many optimization algorithms are available, like gradient projection method [27] , an extremely high computation cost is still required for the solution (16).
Frequency Increment Selection for Sparse Targets
Motivated by the phased array radar, for sparse targets, we only need to steer the transmit and receive beams to focus on each target in different pulses. However, if multiple targets are located in different range-periodic mainlobes, localization will fail due to the range ambiguity. A simple approach is to change the range repetition period of beampattern peaks in real time. By selecting a proper frequency increment, only one target is located in the mainlobe. Then, the received power of other targets out of mainlobe will be much lower. In this way, each target can be rapidly localized by (18) in different pulses. That is to say that we only need M pulses to achieve the localization of M targets.
However, there are two constrains in frequency increment selection. One is that the range-periodic peaks of transmit and receive beampatterns should be staggered with other targets. The other one is that the transmit beamwidth in the range domain should be slightly larger than the range resolution of baseband signal. A too narrow transmit beam may lead to missed detection after match filtering [28] [29] [30] .
Assume there are K targets detected in different range cell but the same angle cell. In order to satisfy the first constrain condition, we have
where r k is the other target's range ∆r R = c/2∆ f is the range repetition period of receive beampattern. Set the signal bandwidth is B. In order to satisfy the second constrain condition, we have
Combine (19) and (20), a simple optimization problem for frequency increment selection is expressed as
(21) can be solved quickly by step searching with a proper step ∆ f step . With the transmit-receive scheme of frequency increment selection, each target can be localized separately in different pulse.
Intra-Pulse Beam Scanning for Unresolved Targets
Consider M targets located in the same mainlobe. Assume the radar cross sections (RCS) of all the targets are the same. When the transmit beam points to one target completely, the complex amplitude of echo is defined as A 0 . Then the complex amplitude of each unresolved target is proportionate to A 0 expressed as
If the transmit and receive beams both point to the center of unresolved cell (i.e., the resolution cell containing unresolved targets), the output amplitude of receive beampattern at high SNR is given as
It is observed that targets' echoes are all strong. When the receive beam points to one target, the power reflected from other targets will turn to sidelobe interference, which results in a heavy measurement error [31] . It means monopulse processing cannot work anymore. For unresolved targets, if the range difference between targets is larger than receive beamwidth, the merged measurement is an issue of sidelobe interference. If not, it is an issue of low resolution.
In such a system framework, we can transmit with a wide beam and recieve with a narrow beam. Motivated by the space-time coding technique [32] , intra-pulse beam scanning is proposed to improve the localization performance by suppressing sidelobe interference. The main benefit of space-time coding is total instantaneous angular coverage. Indeed, intra-pulse beam scanning a transmit-receive diversity method [33] . The main idea is that the pulse is divided into four subpulses, and the unresolved cell is divided into four subcells. During each subpulse, as shown in Figure 2 , we steer transmit beam to focus on one or two subcells only. The scanning weight vectors are
where j = 1, 2, 3, 4. Under the scanning weights w Tj and w Rj , the output amplitude changes to
We can see that the targets in other subcells are out of transmit and receive mainlobes. Namely, they are filtered out by the overall transmit-receive (T-R) beam. In this way, each subcell can be measured in different subpulse with little sidelobe interference. Note that we still need to solve (16) if multiple targets are detected in the same subcell. However, the localization performance will be improved greatly because a much high-dimensional nonlinear optimization problem is decomposed to four simple problems.
System Performance Analysis

CRLB
According to (15) , the natural logarithm formula of likelihood function is expressed as
The unknown parameters need to be estimate are angle, range. Therefore, the parameter vector is
The Fisher information matrix is derived as
According to the analysis in [34, 35] , we invert F (η) to obtain the CRLB of target's range and angle
where D= Finally, the CRLBs with respect to the range and angle of each target is derived. Note that CRLB is determined by two terms, A H A and D H P ⊥ S D, which are related to the echo power and the array manifold, respectively. With the transmit-receive beamforming proposed in Section 3, each target can be focused on both by the transmit and receive beams in different pulses. It means the echo power of multiple targets will be all strong. In addition, the localization performance can be improved by raising the frequency increment which is consistent with the conclusions drawn in [4, 35] , but as shown in (20) , the frequency increment is limited by the range resolution of baseband signal.
SINR Analysis
Our focus here is the output SINR which directly impacts the target localization performance. Suppose that there are M interference sources located at (r i , u i ) and only one target located in the transmit mainlobe. In this case, the signal model given in (14) is rewritten as
where α i denotes the complex amplitude of the ith interference. Assume that the interferences are mutually uncorrelated and stochastic with zero mean and variance σ 2 i , the interference-plus-noise covariance matrix is represented by
The conventional nonadaptive beamforming is known to be optimal in the case that it provides the highest possible output SNR and SINR in the background of white Gaussian noise. Thus, we use the conventional nonadaptive beamforming on the received signal and derive the output SINR. With the receive weight vector w = s (r, u), the output SINR of the proposed system can be evaluated by
If the target is detected in the background of a few weak interferences which are well-separated from the target, the noise is dominant in the interference-to-noise power. In this case, SINR is approximated as
Contrarliy, if the target is observed in the background of strong interferences, the interferences are dominant. In this case, SINR is approximated as
It is observed that SINR is related to the location of interference in strong interferences. If the interference is located in the first sidelobe, or even in the range-periodic mainlobe exactly, the output SINR will have a large loss. However, frequency increment selection helps to solve this problem.
Simulations and Results
Consider the proposed FDA configuration with 2N = 40 elements. The band of transmitted signal is B = 1 MHz. So the conventional range and angle resolutions are r 3dB ≈ 133 m and u 3dB ≈ 0.044. Two scenarios of sparse and unresolved targets are designed, respectively, to verify the effectiveness of the proposed approach.
Example 1 (System performance in the scenario of sparse targets). In the first example, we assume that there are M = 6 targets, where one is located at (500 km, 0.1) and others are located in the same angle but different range cells. Without loss of generality, the locations of other 5 targets are randomly generated under uniform distribution. Table 1 shows one case of sparse taregts. According to (21) , the frequency increment is selected as ∆ f = 98 kHz where we set ∆ f step = 1 kHz. Figure 3 shows that transmit, receive and overall transmit-receive (T-R) beampatterns all focus on Target 1, besides staggered with other targets. The first sidelobe is about −18 dB. In this case, estimated range is unambiguous although the peaks are still range-periodic. It means we only need 6 pulses to localize all targets by monopulse processing. In addition, Figure 4 shows the slices of transmit and receive beampatterns in r = 500 km and u = 0.1. Note that, the receive range beamwidth is one quarter of transmit but angle beamwidth is about the same, which is consistent with the analysis in Section 2.
(a) (b) (c) We also examine the output SINR of the proposed system versus SNR. Three cases of interference are set as shown in Table 2 . Assume that the transmit and receive beams both focus on Target 1. Three interferences are separated from the target and their powers are equal. The interference locations of Case 1 and Case 2 are the same, but the interference power of Case 2 is much larger. Namely, Case 1 is noise-dominant and Case 2 is interference-dominant. We set the Interference 1 is located in the first sidelobe of receive beampattern in Case 3, which is interference-dominant. Figure 5 shows the output SINRs of the proposed FDA system and the transmit subaperturing FDA (TS-FDA) [21] versus SNR in different cases. It is observed that the proposed system outperforms the TS-FDA in output SINR because all the return signals are received by using the FB-FDA. Note that the proposed system has an equivalent robustness against noise in the noise-dominant case. Furthermore, the range-dependent interference is suppressed in the interference-dominant case, and the output SINR is related to the interference location. Example 2 (System performance in the scenario of unresolved targets). In the second example, three cases of unresolved targets are set as shown in Figure 6 . There are two targets in Case 1 and three targets in Case 2 and Case 3. All the targets are located in the same conventional resolution cell whose center is (500 km, 0.1). Targets of Case 1 and Case 2 are all separated in different subcells, but two targets of Case 3 are in the same one.
In this example, SNR is defined as SNR = |A 0 | 2 σ 2 . Figure 7 shows the overall T-R beampattern under scanning weights w T1 and w R1 . The overall T-R beampattern is indeed a spatial filter, which can suppress the target outside of mainlobe over 15 dB. The sidelobe in the unresolved region is about −26 dB, much lower than −18 dB without intra-pulse beam scanning. The powers reflected by the targets out of receive mainlobe are much lower. It means we can use (18) to localize each unresolved target with little sidelobe interference from others.
We examine the performance of intra-pulse beam scanning (IpS) and transmitting subaperture MUSIC (TS-MUSIC) [21] for comparison. Average root mean square error (RMSE) results of 100 Monte Carlo simulations are shown in Figure 8 . The results demonstrate that the performance of IsP is much better than TS-MUSIC since there is only one snapshot available. The spatial smoothing of TS-MUSIC leads to the loss of array aperture which is a disadvantage on the localization of unresolved targets. Note that the performance of TS-MUSIC gets worse rapidly in the cases of three targets, but IsP not. It means IsP is a robust approach of unresolved targets localization. However, the estimate error of IsP increases in Case 3 because two targets are located in the same subcell. 
Conclusions
In this paper, a novel transmit-receive system of FDA radar is proposed for multitarget localization. Considering both transmitting and receiving, the configurations of SB-FDA and FB-FDA are chosen as transmitter and receiver to obtain the range-angle-decoupled beampatterns. In such a system framework, the receive beamwidth is only a quarter of transmit. Then, two localization methods are proposed for two typical multitarget scenarios. By frequency increment selection and intra-pulse beam scanning, multitarget localization can be achieved with a few pulses. Simulation results demonstrate that the beampatterns can be steered to focus on one target only besides being staggered with others via frequency increment selection. Furthermore, a good localization performance can be achieved for unresolved targets by intra-pulse beam scanning. However, the localization error will increase greatly if multiple targets are located in the same subcell.
Author Contributions: S.L.W., Z.-h.X. participated in the design of this study, and they all performed the results analysis and manuscript preparation. X.L. and W.D. conceived and designed the simulations; G.W. also wrote the paper. All authors read and approved the final manuscript.
